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5-H , monomial curves, are computable by linear programming. 
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Introduction 

The log canonical threshold is an invariant of singularities which plays an impor- 
tant role in higher- dimensional algebraic geometry. Let a C ( ) be an ideal 
of the polynomial ring k[xi, . . . , Xn] over a field k of characteristic zero. Since the log 
canonical threshold lcto(a) of a at the origin is defined via a log resolution of a, it is 
very difficult to compute it directly from the definition, and an effective method for 
computing log canonical thresholds is not known. A notable exception is the case of 
^ I monomial ideals. Howald [HIE] proved that lcto(a) is computable by linear program- 
^ • ming when a is a monomial ideal or a principal ideal generated by a non-degenerate 
. polynomial. In this paper, we initiate the study of log canonical thresholds of bi- 
^ ' nomial ideals. We then prove that the log canonical thresholds of a large class of 
binomial ideals, such as complete intersection binomial ideals and the defining ideals 
of space monomial curves, are still computable by linear programming. Our main 

00 , result is stated as follows: 

O 

^ i Theorem 0.1 (Theorems 12.41 and 13. ip . Let k be a field of characteristic zero and 

a = (/i, . . . , /r) C (xi, . . . , Xn) be an ideal of k[xi, . . . , Xn] generated by binomials 



H ' fi = ■ ■ ■ — 'jiX^'^ ■ ■ ■ x^'" , where atj, bij G Z>o and 'ji & k for all i = 1, . . . ,r 

and j = 1, . . . ,n. Suppose that a contains no monomials and, in addition, that one 
of the following conditions is satisfied: 

(1) fi, . . . , fr form a regular sequence for k[xi, . . . , 

(2) fi, . . . , fr form the canonical system of generators of the defining ideal of a 
monomial curve in Al {in this case, r < 3). 

Then the log canonical threshold lcto(a) of a at the origin is equal to 

max< ^(/ij + i^i) 
^ i=i 

'^{oijUi + bijUi) < 1 for all 1 < j < n, /ij + i^j < 1, /ij, Ui, G Q>o >■ 
1=1 J 
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The proof depends on two techniques. The first technique is the summation 
formula of multipher ideals jj^l Theorem 3.2], which tells us that lcto(a) is equal to 

W sup{Ai + ■ ■ ■ + A, I J{f^' ■ ■ ■ /^)o = k[xi, Xn]i,„...,,„), < A, < 1}, 

where J{fi^ ■ ■ ■ f^'') is the multiplier ideal associated to fi^ ■ ■ ■ f^'' (see Definition 
11.11 for the definition of multiplier ideals). Let a/, be the ideal generated by mono- 
mials appearing in /j for each 1 < i < r. Since a/- contains fi, {-k) is less than or 
equal to 

{-ki,) sup{Ai H h Xr\ J{.<^)l ■ ■ ■ a};)o = k[xi, . . . , Xn]{xu-,xn)^ < Ai < 1}. 

It then follows from Howald's result that {-k-k) coincides with the optimal value of 
the linear programming problem stated in Theorem lO.il and consequently we obtain 
one inequality in Theorem 10. 1[ 

The second technique is reduction from characteristic zero to positive character- 
istic. For simplicity, we assume that a is an ideal of Q[xi, . . . ,x„] and denote by 
dp ^ lFp[xi, . . . ,Xj^{^xi,...,xn) its reduction to characteristic p, where p is a sufficiently 

(j^^ ) 

large prime number. Then the F-pure threshold fpt(ap) is defined to be lim — , 

where Vap{p^) '■= niax{r G Z>o | ^ {x\ , . . . , x'^)}. It follows from a result of Hara 
and Yoshida [1] that the limit limp^oo fpt(ap) of F-pure thresholds coincides with 
the log canonical threshold lcto(a) of a at the origin. Therefore, in order to estimate 
lcto(a), it is enough to estimate fpt(ap) for infinitely many p. Under the assumption 
of Theorem 10. H we show that fpt(ap) is greater than or equal to the optimal value of 
the linear programming problem in Theorem 10.11 whenever p = 1 mod A^, where N 
is a fixed positive integer. As a result, we obtain the reverse inequality in Theorem 

m 

In the process of proving Theorem 10. H we give an affirmative answer to the 
conjecture [9], Conjecture 3.6] (see also [9], Problem 3.7]) due to Mustafa, Watanabe 
and second author, when a is a complete intersection binomial ideal or the defining 
ideal of a space monomial curve. 

1. Preliminaries 

1.1. Log canonical thresholds. In this subsection, we recall the definitions of 
multiplier ideals and log canonical thresholds. Our main reference is [S]. 

Let X be a nonsingular algebraic variety over a field k of characteristic zero and 
a C Ox be an ideal sheaf of X. A log resolution of (X, a) is a proper birational 
morphism vr : X — >■ X with X a nonsingular variety such that = Oj^{—F) is 
an invertible sheaf and that Exc(7r) U Supp(F) is a simple normal crossing divisor. 

Definition 1.1. In the above situation, let t > be a real number. Fix a log 
resolution vr : X — >• X with aOj^ = Oj^{—F). The multiplier ideal J{Oi^) of a with 
exponent t is 

J{a') = J{X,a') = n,0^{K^/^ - [tF\), 

where K^j-^ is the relative canonical divisor of vr. This definition is independent of 
the choice of the log resolution vr. 
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Definition 1.2. In the above situation, fix a point x G X lying in the zero locus of 
a. The log canonical threshold of a at x G X is 

let, (a) = sup{t G M+ I J {a'), = Ox,.} 

(when X is not contained in the zero locus of a, we put \ctx{Oi) = oo). The log 
canonical threshold let, (a) is a rational number. 

When the ideal a is a monomial ideal or a principal ideal generated by a non- 
degenerate polynomial, there exists a combinatorial description of the multiplier 
ideal J(a*) by Howald ^6], [7]. 

Proposition 1.3 ([6], [7]). Let k be afield [of characteristic zero). 

(1) Let a be a monomial ideal of k[xi, . . . ,Xn] and -P(a) C R'^ be the Newton 
polytope of a. Then for every real number t > 0, 

J{a') = (x'^ I c + 1 G Int(t • P(o)) n N"), 

where 1 := (1, . . . , 1) G N". In particular, if a = . . . , x'^"), then 

lcto(a) = sup{t G M+ I 1 G t • P(a)} 



max 



(2) Letfei Xx , . . . , Xn ) be a non- degenerate polynomial o/ fc[xi, . . . , x„] (see [7] 
for the definition of non- degenerate polynomials. For example, every binomial is 
non-degenerate) . Let a/ C k[xi . . . ,Xn] denote the term ideal of f , that is, the ideal 
generated by the monomials appearing in f . Then for every real number t > 0, 

J{f') = f^'^J{o^i^'^)- 
In particular, if f = Yl'j=i IjX^^ where 7j G k* for all j = 1, . . . , s, then 



lcto(/) = lcto(a/) = max 




^CjXj < 1, XjE Q>o 

i=i 



Since the multiplier ideal i7(a*) is defined via a log resolution of a, it is difficult 
to compute the log canonical threshold lcta;(o) in general, even when the ideal o is 
generated by binomials. 

Example 1.4. Let a = (x'^ — yz, y'^ — xz, z'^ — x'^y) C k[x, y, z] be the defining ideal 
of the monomial curve Spec k[t^, t*^, t^] in the affine space A^, where A; is a field. We 
consider the following sequence of blowing-ups: 

We denote by Ci the strict transform of C = V{a) on Xi and by Ei the exceptional 
divisor of /j (and we use the same letter for its strict transform). Let /i be the 
blowing-up at the origin, /2 be the blowing-up at the point (Ci fl -Ei)red5 /s be the 
blowing-up at the point C2 fl i?2, fi be the blowing-up at the point C3 D E3 and /s 
be the blowing-up along the curve C4. Then tt := /i o ■ ■ ■ o : X — > X is a log 
resolution of o, and we have 
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K^/^ = 2Ei + 4^2 + 8E3 + l2Ei + E5, 
aO^ = 0^{-2Ei - 3E2 - 6E3 - 9^4 - E5 



Thus, 



lcto(a) = mill 



2 + 1 4 + 1 8 + 1 12 + 1 l + n 13 



2 3 6 9 1 J 9 
Even in this case, it is not so easy to determine all jumping coefficients of a. The 
reader is referred to [TT] for the computation of further jumping coefficients of a. 

I. 2. F-pure thresholds. In this subsection, we recall the definitions of generalized 
test ideals introduced by Hara and Yoshida in [4j and of F-pure thresholds introduced 
by Watanabe and the second author in [T3] . 

Let i? be a Noetherian ring containing a field of characteristic p > 0. The ring 
R is called F-finite if i? is a finitely generated module over its subring RP = {aP G 
-R I a G -R). For each e G N, if J is an ideal in i?, then j'^"' denotes the ideal 
(xP' I X G J). 

Since we restrict ourselves to the case of an ambient nonsingular variety in this 
paper, we refer to Blickle-Mustata-Smith's characterization [Tj as the definition of 
generalized test ideals. 

Definition 1.5 ([1, Definition 2.9, Proposition 2.22]). Let R be an F-finite regular 
ring of prime characteristic p and o be an ideal of R. For a given real number t > 0, 
the generalized test ideal T(a*) of a with exponent t is the unique smallest ideal J 
with respect to inclusion, such that 

for all sufficiently large q = p^. 

Definition 1.6 ([131 Definition 2.1]). Let the notation be the same as in Definition 

II. 51 The F-pure threshold of {R, a) is 

fpt(o) = sup{t G M+ I r(a*) = R}. 

If (i?, m) is a regular local ring, then for each e G N, we set u^ip^) to be the largest 
nonnegative integer r such that ^ m^^^\ Then 



fpt(a) = hm 



00 



Now we briefiy review the correspondence between multiplier ideals and general- 
ized test ideals. 

Let A be the localization of Z at some nonzero integer a. We fix a nonzero 
ideal a of the polynomial ring A[xi, . . . , a;„] such that a C (xi, . . . , Xn)- Let Oq : = 
o-Qfxi, . . . ,Xn] and := o-Fp[xi, . . . , a;rt](xi,...,x„), where p is a prime number which 
does not divide a and Fp := Z/pZ. We call the pair (Fp[a;i, . . . ,Xr^i^xi,...,xri)i ^p) the 
reduction of (Q[xi, . . . , x„], Oq) to characteristic p. Let ttq : Iq — ^ Aq be a log resolu- 
tion of ttQ (the existence of such a morphism is guaranteed by Hironaka's desingular- 
ization theorem [5]). After further localizing A, we may assume that ttq is obtained 
by extending the scalars from a morphism tt : F — A^. For sufficiently large p ^ 0, 
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the morphsim vr induces a log resolution vr^ = Yp — > SpecFp[xi, . . . , Xn]{xi,...,x„) of a^, 
and we can use Hp to define the multiplier ideal J^{cip) for a given real number t > 0. 
Then JT{ap) is the reduction of the multipher ideal J^iaq) of to characteristic p. 
Hara and Yoshida discovered a connection between JT{ap) and T(ap) in [4]. 

Theorem 1.7 ([H Theorem 3.4, Proposition 3.8]). Let the notation be as above. 

(1) If p is sufficiently large, then for every real number t > 0, we have 

rial)CJ{al). 

(2) For a given real number t > 0, if p is sufficiently large {how large p has to 
be depends on t), then 

We reformulate the above results in terms of thresholds. 

Corollary 1.8. Let the notation be as above. 

(1) Ifp > 0, then fpt(ap) < lcto(aQ). 

(2) lcto(a(Q) = limp^oofpt(ap). 

In particular, if there exist M e Q and N & N such that M{q — 1) = Vopiq) for 
all q = p^ whenever p =1 mod A^, then one has lcto(aQ) = M. 

Conjecture 1.9 ([9^, Conjecture 3.6]). In the above situation, there are infinitely 
many primes p such that fpt(ap) = lct(aQ). 

Thanks to Corollary 11.81 we can compute log canonical thresholds using F-pure 
thresholds. We give an easy example here. 

Example 1.10. Let / = x°'+y'^ G y] with a,b >2 integers, and we will compute 
lcto(/Q) using i^fp{q). Choose any prime number p such that p = I mod ab. Since 
the binomial coefficient {^^^(^ija){g^i)^^) nonzero in ¥p for all g = by Lemma 
11.111 the term {xyY~^ appears in the expansion of f^^/"-^^/^'^^'^~^\ This implies that 
(1/a + l/6)(g — 1) < yfp^q) for all g = p"^, and its reverse inequality is easy to check. 
Thus, by virtue of Corollary II. 8[ one has lcto(/Q) = 1/a + 1/6. 

In the above example, we used the following lemma, which we will also need later. 

Lemma 1.11 (Lucas). Let p be a prime number, and let m and n be integers with 
p-adic expansions m = Yl^iP^ '^'^^ = ^nip\ Then 

(:)^n(:)". 

In particular, if < ri < r2 < 1 are rational numbers such that ri{p — 1) and 
r2{p — 1) are integers, then for all e ^N, we have 

("'^^^~'\) = ("'^^~'^X^^^-Wp. 
\r2{p^-l)) \r2{p-l)J ^ 
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2. Complete intersection case 

In this section, we will prove that the log canonical thresholds of complete inter- 
section binomial ideals are computable by linear programming. We start with our 
main technical result. 



Proposition 2.1. Let S := k[xi, . . . , x„] be the n- dimensional polynomial ring over 
a field k of characteristic zero. Let a = {fi, . . . , fr) be an ideal of S generated by 
binomials fi = x"^' - jiX^\ where = {an, ai„), bj = (bn, bin) e Z^q \ {0} 
and '-fi G k* for all i = 1, . . . ,r. Put 



A :-- 



/ an . 


. ari 


bu . 


• brl\ 


ain ■ 




bin ■ 


brn 


1 





1 





lo ■ 


1 





1/ 



G M^{n + r,2r), 



and consider the following linear programming problem: 



Maximize: ^^(/ij + Vi) 



i=l 



Subject to: A (/zi, . . . , fir,i^i, ■ ■ ■ , i^r)^ < 1, Hi, i^i G 



Suppose that there exists an optimal solution {fi, v) such that A {fi, u)"^ ^ A [fi', u')"^ 
for all other optimal solutions [fi', v') ^ [fi, u). Then the following holds. 

(1) The log canonical threshold \cto{o.) is equal to the optimal value + 

(2) When the '~fi are rational numbers, put dp : — (/i, . . . , /r)-Fp[xi, . . . , Xn\(xi,...,xn) 
for sufficiently large p ^ 0. Then there exists an integer N > 1 such that 
lcto(a) = fpt(ap) whenever p = 1 mod A^. 

Proof. By virtue of the summation formula of multiplier ideals (see [121 Theorem 
3.2]), one has 

t=AiH hAr 

Aj^,...,A,.>0 



for all real numbers t > 0. Let a/- be the term ideal of fi for each i = 1, . . . ,r. Since 
a/- contains fi, 

lcto(a) = sup{Ai + • • ■ + A, I Jif^' ■ ■ ■ /^)o = Ox,o, < A, < 1} 
< sup{Ai + ■ ■ ■ + A, I Jia^fl ■ ■ ■ a);)o = Ox,o, < A, < 1}. 
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Applying Proposition 11.31 (i), one can see that the last term in the above inequality 
coincides with 



max 



max 



■t=i 

r 



^(aj/ij + bjZ/j) < 1, /ij + z/j < 1, /Xj, Vi e 



!l>o 



i=l 



i=l 



A (/ii, . . . Z/i, . . . , Ur)^ < 1, fii, V, e 



'i>0 



Consequently, we obtain one inequality in the theorem. 

Next, we prove the converse inequality. Fix an optimal solution 

(/i, U) = (/ii,...,/i^,I/i,...,Z/^) 

such that A (/i, u)"^ ^ A (/i', v'^ for all other optimal solutions (/i', z/') ^ (/i, v). We 
then prove that ^^^^(Atj + z/j) < lcto(a) making use of F-pure thresholds. 

For simplicity, we may assume that 7^ is a rational number for all i = 1, . . . ,r, 
and let := (/i, . . . , /r) ■ Fp[a;i, . . . , Xr\{xY,...,xn) fo^ sufficiently large p (even if 
7i ^ Q, "we can still consider the reduction of a to characteristic p 3> 0). We take 
the integer > 1 to be the least common multiple of the denominators of the /Xj, z^j, 
so that — 1), z/j(p — 1) are integers for alH = 1, . . . , r whenever p = 1 mod N. 
By virtue of Corollary II. 8[ it is enough to show that for such prime numbers p ^ 0, 
Si=i(/^i + ~ 1) ^ ^apil) for all q = p^. Therefore, from now on, we consider 
only such p. 

Let mi, ... , rrin be nonnegative integers such that 



A 



^ir{q - 1) 
z/i(g-l) 



mi \ 

m„ 

(/ii + ui){q - 1) 



Then m^ < g — 1 for alH = 1, . . . , r. The coefficient of the term x" 



mi 



expansion of fl 



{^lr+Vr)(q-l) 



■ ■ x^" in the 



IS 



where the summation runs over all (si, . . . , s,., ti, . . . , ty) G Ij^q such that 



ti 



mi 
rrin 

(/ii + z^i)(g- 1) 
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Note that • • • , ^zj, ^^y, • • • , ^3]-) is an optimal solution of the linear program- 
ming problem stated in the proposition. Thus, by the definition of the optimal 
solution (/ii, . . . , firji'i, . ■ . ,1'r), the coefficient (*) is equal to 



n 



-7i 



i=l 

It follows from Lemma 11.111 that this coefficient is nonzero in Fp, which means 
that the term x^^ ■ ■ -x™" appears in the expansion of . . . J(y^lr+ur){q-l) 

Fp[xi, . . . ,Xj^(^xi,...,x^)- Since < g — 1 for alH = 1, . . . , r, one has 

fi^ ^ ■ ■ ■ fr^''^ ^ ^ {xf, . . . , X^) in Fp[xi, . . . , Xn]{xi,...,x„) 

for all q = p". That is, X]i=i(/^* + " 1) < ^aj,{<l) for all g = □ 

Question 2.2. If a contains no monomials and fi, . . . , fr are a system of minimal 
binomial generators for a, then is the assumption of Proposition 12.11 satisfied? We 
will see later that the answer is "yes" if /i, . . . , form a regular sequence (Theorem 
12.41 or define a space monomial curve (Theorem 13. ip . 

Remark 2.3. Since polynomial-time algorithms for linear programming are known to 
exist (however, the most practical algorithm, the simplicial method, is exponential 
in time), we can compute log canonical thresholds of binomial ideals in polynomial- 
time if the assumption of Proposition 12. II is satisfied. 

We use Proposition 12.11 to generalize Howald's result [6l Example 5] (see also 
Proposition 11.31 (1)). 

Theorem 2.4. Let k be a field of characteristic zero and a = (/i, . . . , fr, gi, . . . , Qs) 

be an ideal of k[xi, . . . , x„] generated by binomials fi = x'^' — jiX^'- and monomials 
Qj = x'^^ , where a,, bj, Cj G Z>q\{0} and 7^ G k* for alii = 1, . . . , r and j = 1, . . . , s. 
We assume that the ideal (/i, . . . , Z^) contains no monomials and that /i, . . . , form 
a regular sequence for k[xi, . . . , x„] . 

(1) The log canonical threshold lctQ{a) of a at the origin is equal to 



max 



/■ r s 

1=1 0=1 

r s . 

^{ailXi + hiVi) + ^ CjAj < 1, /ij + z/j < 1, /ij, i/j, \j G Q>o >. 
i=i 3=1 J 

(2) When the 7^ are rational numbers, we denote 

■ (/l) • • • ) /d fi'l) • • • ) S's) ■ • • • , Xn\(^xi,...,Xn) 

for sufficiently large p ^ 0. Then there exists an integer N > 1 such that 
lcto(a) = fpt(ap) whenever p = 1 mod A^. 

Proof. Since the log canonical threshold lcto(a) does not change after an extension 
of the base field k (see [H Proposition 2.9]), we may assume that k is algebraically 
closed. Since the ideal (/i,...,/^) does not contain any monomial, there exist 
61, . . . ,6n G k* such that (/i, . . . , fr) C (xi — 5i, . . . , x„ — (5„). After a suitable 
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coordinate change (that is, xi i— » 6iXi for each / = 1, . . . ,n), we can assume that 
(/i, . . . , fr) is contained in (xi — 1, . . . , — 1), which is equivalent to saying that 
7j = 1 for alH = 1, . . . , r. 

First we consider the case where a = {fi, . . . , fr). We take the (n + r) x 2r matrix 



A : = 



/ an . 






• brl\ 




dm 


bin ■ 




1 





1 





^0 ' 


1 





1/ 



where = {an, . . . , ain) and hi = {ba, . . . , bin) for alH = 1, . . . , r. 
Claim. 

rank A = 2r. 

Proof of Claim. We can transform A by applying sequential elementary row opera- 
tions (for example, if aij > bij, then add the (n + iy^ row multiplied by —bij to the 
j^^ row) to an (ra + r) x 2r matrix 





■ <i 


h' 


• &;i\ 


a'ln • 




h' 

"in ■ 


. b' 

"rn 


1 





1 





[o ' 


1 





1/ 



where a'^j, b[j G Z>o such that a'ijb'ij = for each i = 1, . . . ,r and j = 1, . . . , n. Let 
a' be the binomial ideal associated to A', that is, a' = (/{,..., //,) is generated by 
binomials // := x'^'' - x^'', where a- = (a-^, . . . , a-„) and b- = (6-^, . . . , for all 
i = 1, . . . , r. Let S^^ = k[x^, . . . , x^] be the Laurent polynomial ring. Note that 
a'Sx = aSx because fi/ f- is a monomial in S for alH = 1, . . . ,r. Then, by [TOj 
Lemma 4.39] (see also [H Theorem 2.1]), one has 

ht aS^ + r = ht a'S^ + r < rank A' = rank A. 

On the other hand, since /i, . . . , form a regular sequence, r = ht a < ht aS^. 
Consequently, we obtain the assertion. □ 

By the above claim, all optimal solutions of the linear programming problem 
stated in the theorem satisfy the assumption of Proposition [2]TJ Thus, the assertion 
immediately follows from Proposition 12. 1[ 

We now move to the general case. Fix any optimal solution 



(/il, . . . , fir, ^1, ■ ■ ■ , ^r, -^1, • • • ; ^s) 
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of the linear programming problem stated in the theorem, and consider another 
linear programming problem: 



Maximize: + Tj) 



i=l 



Subject to: A 



Tl 



< 



\ 



1 



I 



where = (c^i, . . . , Cj„) for all j 



1, . . . , s. Then (/ii, . . . , /i^, z/i, . . . , v^) is ob- 
viously an optimal solution of this linear programming problem. Also, it follows 
from a similar argument to the proof of Proposition 12.11 that if there exists an op- 
timal solution (cr, r) such that Aio^ r)""" 7^ Aia' ^ t'^- for all other optimal solutions 
(cr', r') 7^ (cr, r), then its optimal value X]i=i('^« + equal to lcto(a) — X]j=i -^j- 
However, by the above claim, all optimal solutions satisfy this assumption. Thus, 
we have lcto(o) = 5]I=i(/"i + ^i) + Yfj=i \- D 

As a corollary of Theorem 12.41 we obtain the complete table of log canonical 
thresholds of complete intersection space monomial curves. 

Let ni, 71-2, -n-s > 2 be integers with greatest common divisor one. Let a C k[x, y, z] 
be the defining ideal of the complete intersection monomial curve Spec ^[t"'^, t"^, t"^] 
in A^, where is a field of characteristic zero. We make k[x, y, z] into a graded ring as 
in Section 3. Since Spec /c[t"^ t"^, t"^] is a complete intersection in A^, after suitable 
permutation of the rii, we may assume that (?T,i,n2,r;,3) = (c6i, cai, 0162 + ^2^1) for 
some integers ai,bi,c > 1 and 02 > &2 > with 02 + ^2 > 1- Then we can write 
a = (/, g), where / := x"''^ — y^^ and g := z'^ — x°''^y^^ . 

Corollary 2.5. In the above situation, the following is the complete table of log 
canonical thresholds lcto(a) of complete intersection space monomial curves. 



Cases 


lcto(a) 


(deg/ < degg) V (c = 1) 


^ + ± + i 

a\ bi c 


(deg/ > deg^f) A (as = 62 = 1) 




(deg/>degr7) A (02 = !) A (62 = 0) 


— + ^ + 1 

aic bi 


(deg / > degg) A (c, 02 > 2) 


_L 1 fl _ b2\± I 1 
a2 ^ a2 ' bi ' c 



3. Non-complete intersection case 

In this section, we compute log canonical thresholds of non-complete intersection 
space monomial curves. 

Let rii, 77-2, "^,3 > 2 be integers with greatest common divisor one. Let S := k[x,y, z] 
be the polynomial ring over a field k of characteristic zero and R := k[H] = 
A;[t"i, ^"-sj ^]^g numerical semigroup ring associated to H := {mini + 7/12^2 + 
msUslnii G Z>o} over k. We define the ideal a C 5 to be the kernel of the ring 
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morphism (p : S ^ R sending x to t"^, y to t"^ and z to t"^. We make S into an 
iZ-graded ring by assigning degji^x = rii, deg^^y = n2 and degj^^^; = n^. Then a is 
a homogeneous binomial ideal. 

Suppose that R is not a complete intersection. Then there exist integers Oj, 
hi, Cj > 1 for z = 1, 2 such that a = (/i, /2, /s), where 

/i := - /2 := 1/'^+'^ - h ■= z''^'^ 

Since rij is the length of R/ (t""'), we have 

ni = ibi + 62) (ci + C2) - 62C1, 

■'^2 = (ci + C2)(ai + 02) - C2ai, 

■'^3 = (oi + 02) (&i + &2) - a2&i. 

Put a := ai/(ai + 02), /? := &i/(&i + ^2) and 7 := Ci/(ci 
without loss of generahty that 

degH fi < degH /2 < degj:^ /a, 
which is equivalent to saying that 

(l-/?)7> (l-7)a> 

We remark that the degrees of the fi disagree with each other, since the substitution 
morphism (f sends all monomials of the same degree to the same power of t. 

Theorem 3.1. In the above situation, a = [fi, f2, fs) satisfies the assumption of 
Proposition \2.1[ Consequently, the following holds. 

(1) The log canonical threshold Icto^a) of a at the origin is equal to 
3 



C2). We may assume 



max 



where 



i=l 



A (/ii, 122, /i3, J^i, ^^2, '^3)'^ < 1, fJ-h Vi e Q>o 



A 



/ 01+02 











02 


Oi \ 





hi + 1)2 





hi 





h2 








Cl + C2 


C2 


Cl 





1 








1 











1 








1 





V 





1 








1 / 



Solving the above linear programming problem, we obtain the following table. 



Cases 


lcto(a) 


hi = C2 = l 


1 I ni 
^ ^ n2(l+fe2) 


{hi < C2) A (C2 > 2) 


1 , 1 (l+b^x 

ai+a2 bi+b2 V C2 / 


{hi > C2) A (a < 7) 


1 1 bi+ci 
ai+a2 bi(ci+C2) 


(hi > C2) A (a > 7) A (f^ + g < 1) 


bi+ci 1 C2 
bi(ci+C2) a2(ci+C2) 


{hi > C2) A (a > 7) A (f^ + If > 1) 


i 1 i 1 «i Cl C2\ 

ai+a2 bi (ai+a2)ci \ bi ' 
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(2) For each prime number p, put Up := (/i, /2, /s) • Fp[x, y, z\(x,y,z)- Then there 
exists an integer N > 1 such that lcto(a) = fpt(ap) whenever p = 1 mod A^. 

Proof. We denote by (P) the corresponding hnear programming problem. Since R is 
not a complete intersection, by an argument similar to Claim in the proof of Theorem 
\2A\ we can see that rank A = 5 and Ker A = Q ■ (1, 1, 1, —1, —1, — l)""". Then an 
optimal solution (yUi, /i2, z/i, 1/2, t'a) of (P) satisfies the assumption of Proposition 
12.11 if and only if /ij = uj = for some 1 < < 3. So, we look for a optimal 
solution {^i, fi2, of (P) such that /ij = Uj = for some 1 < i, j < 3. 

To do it, the following fact is useful: if (/ii, ^2, /^s, ^1, ^2, ^3) is a feasible solution of 
(P), then 

(/ii + z/i) degj:^ /i + (;U2 + z/2) degj:^ /a + (/is + z/3) deg^ /s < ^1 + ^^2 + ?^3• 
In the case when 61 = C2 = 1: 

Let (/ii, /i2, /i3, 1^1, 1^2, 1^3) = (i+fc2)n2 ' 0' 1 ~ ^' 0) • Then it is easy to see 
that (/xi, /i2, /^3, z^i, 1^2, i^s) is a feasible solution of (P) and that 

(/ii + z/i) degj:^ /i + (/i2 + 1^2) degH /2 = ^1 + ^2 + ng, 

because 

ni = (1 + &2)(ci + 1) - &2C1 = 62 + ci + 1, 

^2 = (ci + l)(ai + 0.2) - 0-1 = (fli + a2)ci + 02, 

^3 = (oi + 02) (1 + ^2) - 0-2 = (oi + 02)62 + Oi. 

Since /ii + z/i = 1, we cannot add anything more to /ii or z/i. Thus, since degj:^ /i < 
deg^ /2 < degj^ /s, the solution (/ii, /i25 /^35 '^i, ^^2, ^3) niust be optimal. By Proposi- 
tion [2?T1 the log canonical threshold lcto(a) is equal to the optimal value 1 + ^ 



In the case when bi < C2 and C2 > 2: 

Let (/ii,/i2,/i3,i^i,i^2,z^3) = - ?^)'0'^'0'0)- Then it is easy to 

check that (/ii, /i2, ^3, 1^1, 1^2, ^3) is a feasible solution of (P) and that 

(/ii + z/i) degj:^ /i + /i2 degj:^ = m + n2 + na, 

because bi < C2 and C2 > 2. By the definition of (P), we cannot add anything more to 
fii or z/i. Thus, since degj^ /i < deg^ /2 < degj:^ /s, the solution (/xi, /X2, /i3, J^i, 1^2, 1^3) 
must be optimal. By Proposition 12. 11 the log canonical threshold lcto(o) is equal to 

the optimal value ^^^^^ + ^^-^ ^1 — ^ j • 

In the case when bi > €2'- 

We consider the following linear programming problem {Q): 

B (Ai,...,A6)^ < 1, Ai G Q>o 
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where 



B :-- 



/ fll + 02 02 Oi 

61 + 62 61 62 
\ ci + C2 C2 ci 



If (Ai 



Ae) is an optimal solution of {Q), then it is obvious that 



_ 1 — a2A5 — aiAg , 

Ai — ; , A2 

ai + a2 



1 - 61 A4 - 62A6 
61 + 62 



1 — C2A4 — C1A5 

Cl + C2 



In this case, 



E 1 - a2A5 - aiAe , 1 - 61A4 - 62A6 , 1 - C2A4 - C1A5 
Ai — ■ ; — 1 ;^ — 1 ; — h A4 + A5 + Ae 



1=1 



ai + 02 



61 + 62 



(7 - P)X4 + (a - 7)A5 + (/5 - «)A6 + 



Cl + C2 

1 1 1 
+ 1 r- + 



ai + 02 61 + 62 Cl + C2 



Since (1 — /5)7 > (1 — 7)0; > (1 — a)P, it is easy to see that a > /3. So, the linear 
function (7 — /5)A4 + (a — 7) A5 + {/3 — a)Xe achieves the maximal value when Xq = 0. 
This means that {Q) is equivalent to the following linear programming problem [Q') 
up to a constant: 



max 



(7 - /5)A4 + (a - 7)A5 



0-2X5 < 1, 61 A4 < 1 
C2A4 + C1A5 < 1 
A4, As e Q>o 



Since (1 — /5)7 > (1 — 7)0, one has 7 — /? > (1 — 7) (a — /?) and, in particular, 7 > /3. 

(1) In the case when a < 7: 

(i, 0) is an optimal solution of {Q'), and thus (^7^, 0, ^^J^^, ^7, 0, is 

an optimal solution of (Q). Since ^^^^^ +^ < 1, it is also an optimal solution 
of (P). By Proposition 12. the log canonical threshold lcto(a) is equal to 
the optimal value — 7 h r-r^v^- 

1^ ai+a2 Di(ci+C2) 

(2) In the case where a > 7 and + |^ < 1: 

(^, ^) is an optimal solution of (Q'), and thus (o, 0, ''tl^ZT+cT ' ^' o) 
is an optimal solution of [Q). It is clearly an optimal solution of (P), and 
then by Proposition 12.11 the log canonical threshold lcto(a) is equal to the 
optimal value , ^"'"f-^ ^ H ,\ 

^ bi{ci+C2) a2(ci+C2) 

(3) In the case where a > 7 and ^ + |^ > 1: 
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As, 
j_ 

Cl 

J_ 



J_ \ J_ A4 

61 C2 

First note that 02(7 — /3) > Ci(a — 7), because (1 — /3)7 > (1 — -y)a. Then 
^ (1 — ^)) is an optimal solution of {Q'), and thus 

/ &1C1 - 02^1 + a2C2 Q Q ]_ ]_ fi_^\ Q^ 
V (ai + a2)6iCi ' ' '&i'ciV h)j 

is an optimal solution of (Q). Since ''^(^""^^^^f ' + < 1, it is also an 
optimal solution of (P). By Proposition 12.11 the log canonical threshold 
Ictnfa) is equal to the optimal value — ] V -r + 1 — n (1 — f^)- 

□ 




By an argument similar to the proof of Theorem 13.11 we can compute the log 
canonical threshold lcto(a) of the defining ideal a of a Gorenstein monomial curve 



t"2, t"^, t""*] in A^. Here we give only one example. 



Example 3.2. Let a = {x^ — zw, — xz^ ^ —y'^w, w'^ — x'^y, xw — yz) C k[x, y, z, w] 



be the defining ideal of the monomial curve k[t^,t^^,t^^,t^^] in the afiine space A^, 
where is a field of characteristic zero. We consider the following linear program- 
ming problem: 



max 



i=l 



where 



A :-- 



>d>0 



( 3 











1 





1 





2 







3 

















2 


1 


1 








3 








1 


2 








1 











2 


1 


1 





1 








1 














1 

















1 














1 

















1 














1 

















1 














1 





V 











1 














1 / 
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Let (/i, z/) := (/ii, . . . , /is, i/i, . . . , z/5) be an optimal solution of the above linear pro- 
gramming problem. Since 

Kei A = k- (1, 1,1, 1,0, -1,-1,-1, -1,0)^ + fc- (0,1,1,0,1,0,-1,-1,0,-1)^, 

if /i3 = /i4 = z/3 = z/4 = 0, then there exists no other optimal solution (/i', z/') 7^ (/i, u) 
such that A (/x, i/)^ = A (/i', z/')^. In this case, by Proposition 12 .Ij the log canonical 
threshold lcto(a) is equal to its optimal value Y^^=iif^i + ^i)- Thus, we look for a 
optimal solution (/xi, . . . , /is, z/i, . . . , z/5) such that /is = /i4 = z^s = = 0. It is easy 
to check that (J, |, 0, 0, i, i, 0, 0, 0, |) is a feasible solution. Looking at the degrees, 
one can see that it is an optimal solution and its optimal value is y. Therefore, 
lcto(a) = ^. We remark that (|, 0, 0, 0, 0, 0, 0, 0, 1) is another optimal solution 
but it does not satisfy the assumption of Proposition 12.11 
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